Abstract. In this short note we calculate the Kobayashi pseudodistance for elementary Reinhardt domains in C 2 . They deliver us a number of examples giving a negative answer to a problem posed by S. Kobayashi.
ON AN EXAMPLE CONCERNING THE KOBAYASHI PSEUDODISTANCE
W LODZIMIERZ ZWONEK (Communicated by Steven R. Bell)
Abstract. In this short note we calculate the Kobayashi pseudodistance for elementary Reinhardt domains in C 2 . They deliver us a number of examples giving a negative answer to a problem posed by S. Kobayashi. For a domain D ⊂ C n , w, z ∈ D define (see [K] and [L] )
k D (w, z) := inf{p(λ 1 , λ 2 ) : there is ϕ ∈ O(E, D) such that ϕ(λ 1 ) = w, ϕ(λ 2 ) = z}, where p is the Poincaré distance on the unit disk E in C. Let us also define k D as the largest pseudodistance smaller or equal thank D . We callk D the Lempert function and k D the Kobayashi pseudodistance of the domain D.
It is well known (see [K] and [JP] 
where the infimum, in both cases, is taken over allz ∈ D such that F (z) = z. The problem whether the infimum is always attained was posed in [K] , page 48 (in case of the Kobayashi pseudodistance). The analoguous problem concerning the Lempert function was posed in [JP] .
Fix α = (α 1 , . . . , α n ) ∈ (R * ) n . Let us denote
We say that a domain D α (respectively, α) is of rational type if there are t ∈ R + and β = (β 1 , . . . , β n ) ∈ Z n such that α = tβ. D α (respectively, α) is of irrational type if it is not of rational type.
In case when α is of rational type, then we always assume that α ∈ Z n and all α j 's are relatively prime integers (obtained by multiplying α with some positive number). In that case we denote also
n for all z ∈ C n for which it makes sense (in particular if α j < 0, then z j = 0).
In the paper we restrict our attention only to the two-dimensional case. Below using the property (1) we shall give effective formulas for both the Lempert function and the Kobayashi pseudodistance, in the case when at least one α j is negative (they turn out to be equal on the considered domains). Additionally, as a simple conclusion from the formulas obtained, we get that the domains D α ⊂ C (with at least one α j negative) of irrational type deliver us examples answering (in a negative way) the above mentioned problem of S. Kobayashi. It seems to be the first known example of that kind.
Since the formulas for the functions involved in case when α j 's are all positive were obtained in [PZ] , the results below may be treated as the continuation of that paper.
It is well known thatk E = p and that the Kobayashi pseudodistance and the Lempert function coincide on the class of domains in C. We shall make use also of the explicit formula for the functionk E * (see e.g. [JP] ), where E * := E \ {0}:
Theorem 1. 1. In case α 1 > 0 and α 2 < 0 we have if D α is of rational type, theñ
if D α is of irrational type, theñ
2. In case α 1 , α 2 < 0 we have if D α is of rational type, theñ
if α is of irrational type, theñ
Proof. Let us consider the case α 1 > 0, α 2 < 0. Define the mapping
The mapping Φ is locally biholomorphic; moreover, one may easily verify that it is a holomorphic covering. The condition Φ(λ 1 , µ 1 ) = w and Φ(λ 2 , µ 2 ) = z is equivalent to the following:
Fix k 1 = 0 (consequently, we fix µ 1 and λ 1 ). Then due to the product property of the Lempert function (see [JP] ), the relations above and (1) we get
Note that in the rational case the last infimum is taken over the finite set, or more precisely, the λ 2 's run over all possible α 1 -st roots of z α . This completes the proof in that case. If α is of irrational type, then the set
is, in view of the Kronecker theorem (see e.g. [HW] ), dense in (|z 1 | α1 |z 2 | α2 ) 1/α1 ∂E. This together with the invariance ofk E (= p) with respect to rotations finishes the proof for the Lempert function. Let us observe that the Lempert function in both cases satisfies the triangle inequality, therefore the Kobayashi pseudodistance coincides with the Lempert function.
The proof of the case α 1 , α 2 < 0 goes along the same lines as the first one. Namely, we define the mapping
which is again a holomorphic covering. The condition Ψ(λ 1 , µ 1 ) = w and Ψ(λ 2 , µ 2 ) = z is equivalent to the following
Fix k 1 = 0 (so λ 1 and µ 1 , too). Then as in the first case we get
Similarly as in the first case we get the formulã
To get the desired formula, i.e. to get rid of the minimum and the roots, it is sufficient to make use of the formula fork E * (it needs some elementary calculations to be omitted here). This completes the proof in that case. If α is of the irrational type, then the set
is, in view of the Kronecker theorem, dense in (|z 1 | α1 |z 2 | α2 ) 1/α1 ∂E. This together with the invariance ofk E * with respect to rotations gives us the formulã
And now, the effective formula for the functionk E * allows us to get rid of the powers in the formula, which completes the proof (the idea of getting rid of the powers in the formula in the second case is due to Prof. P. Pflug).
Let us observe that the Lempert function in both cases satisfies the triangle inequality, therefore the Kobayashi pseudodistance coincides with the Lempert function.
Remark 2. Note that if α is of irrational type, then from the proof of Theorem 1 (especially of the form of Φ and Ψ) we get that the infimum (as described in (1)) need not be attained. To visualize that fix for example α 1 = 1, α 2 < −1, α 2 ∈ Q, w = (s, s) and t = (s, −s), where s > 1. Then w, z ∈ D α , Arg(s) = 0 whereas Arg(−s) = π and k Dα (w, z) = k Dα (w, z) = 0 = inf{k E (s 1+α2 , s 1+α2 exp((2k 2 + 1)iπα 2 )), k 2 ∈ Z}.
The infimum is as in the proof of Theorem 1; it represents the infimum from the formula (1) for the holomorphic covering Φ. It is evident that the infimum is not attained by any k 2 ∈ Z. The similar procedure goes for the case α 1 , α 2 < 0 and α being of irrational type.
Remark 3. Let us notice here that it is possible to calculate the formulas for the Lempert function and the Kobayashi pseudodistance for all elementary Reinhardt domains (in arbitrary dimension). Nevertheless, since the idea is exactly the same as above, the obtained formulas deliver us no new phenomena, and the proof is more complicated, we skip it here.
